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The quantum anomalous Hall effect has been theoretically predicted and experimentally verified in
magnetic topological insulators. In addition, the surface states of these materials exhibit a hedgehog-
like “spin” texture in momentum space. Here, we apply the previously formulated low-energy model
for Bi2Se3, a parent compound for magnetic topological insulators, to a slab geometry in which an
exchange field acts only within one of the surface layers. In this sample set up, the hedgehog
transforms into a skyrmion texture beyond a critical exchange field. This critical field marks a
transition between two topologically distinct phases. The topological phase transition takes place
without energy gap closing at the Fermi level and leaves the transverse Hall conductance unchanged
and quantized to e2/2h. The momentum-space skyrmion texture persists in a finite field range. It
may find its realization in hybrid heterostructures with an interface between a three-dimensional
topological insulator and a ferromagnetic insulator.
The breaking of time-reversal symmetry (TRS) in
three-dimensional (3D) topological insulators (TIs) [1–
4] has led to fascinating new topological phenomena.
Among them are the quantum anomalous Hall effect
(QAHE) [5–10], the inverse spin-galvanic effect [11], ax-
ion electrodynamics [12, 13], and the half-quantum Hall
effect on the surface with conductance σxy = e
2/2h [14].
In TIs, strong spin-orbit coupling locks the electron’s
spin to its momentum and forces the surface states to
form a helical spin texture in momentum space [15, 16].
Advances in angle-resolved photoemission spectroscopy
(ARPES) have facilitated to observe these textures in
spin-resolved spectra [17–22]. The two routes to break
the TRS and to gap the surface state of a 3D TI are ei-
ther the doping with transition-metal ions as magnetic
impurities [23, 24] or the magnetic proximity effect of
a magnetic insulator (MI) adlayer or substrate [25, 26].
In magnetically doped TIs, Dirac semi-metallic surface
states acquire a gap and reveal a hedgehog-like spin tex-
ture [23]; their Hall conductance is quantized in units of
e2/h [5, 6, 27].
Here, we focus on a slab geometry for a 3D TI, in which
the exchange field acts on only one of the surface layers.
Such a slab has the same hedgehog spin-texture in mo-
mentum space as in magnetically doped TIs. However,
at a critical field strength, the hedgehog texture trans-
forms into a skyrmion texture. This topological tran-
sition is signalled by a discrete change in the skyrmion
counting number. It originates from a field-induced de-
generacy point of a surface and a bulk band which, there-
after, interchange their spatial characters. Remarkably,
the spin-texture transition leaves the Hall conductance
σxy = e
2/2h unchanged. The skyrmion “spin” texture
remains stable over a finite range of exchange fields sim-
ilar to the real-space skyrmion lattices in chiral magnets
in an external magnetic field [28].
Bi2Se3 and the other isostructural tetradymite com-
pounds Bi2Te3 and Sb2Te3 belong to the class of strong
TIs with an odd number of massless Dirac cones at se-
lected surfaces [15, 29]. Bi2Se3 has a band gap of 0.3 eV
and only one massless Dirac cone in the surface-band
dispersion, if the crystal is cleaved along the (111) direc-
tion [30, 31]. Even though Se vacancies at the surface
shift the Fermi level towards the conduction band [32],
further doping by Ca counteracts this shift and can move
the Fermi level back to the Dirac point [33]. The real-
space structure of Bi2Se3 consists of stacked layers of
Bi and Se, coupled via van der Waals interactions; it
is therefore well suited for preparing thin films or het-
erostructures. A structure of five such layers, typically
referred to as the ‘quintuple’ layer, repeats along the
(111) direction [15]. Here, we adopt a previously devel-
oped strategy to describe a thin slab of Bi2Se3, stacked
with Nz quintuple layers along the z-direction [34]. The
formalism straightforwardly allows to examine the layer
resolved electronic dispersion of the slab with respect to
the transverse momenta.
The starting Hamiltonian for a slab of Bi2Se3 is given
by [[34], Supplemental Materials]
Hslab =
1
Nz
∑
k
4∑
α=1
( Nz∑
lz=1
c†kαlzH0(k)ckαlz
+
Nz−1∑
lz=1
[
c†kαlzH1ckαlz+1 +H.c.
])
, (1)
where k ≡ (kx, ky), index α labels the four bonding and
antibonding states of Pz orbitals in the following order:
|P1+z , ↑〉, |P2−z , ↑〉, |P1+z , ↓〉, |P2−z , ↓〉 which form the low-
energy bands of Bi2Se3. The superscripts denote the par-
ity [29], lz is the layer index, and the arrows represent the
total angular momentum eigenvalues Jz = ±1/2 which
result from spin-orbit coupling [18]. In short, below we
refer to the Jz eigenvalues as “spin”.
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2FIG. 1. (Color online) “Spin” texture S(k) (top row) and the z-component of the “spin” expectation value Sz(k) (in units of
~/2) (bottom row) in the vicinity of the Dirac point at the surface Brillouin zone center Γ¯ on the exchange-coupled surface of
the Bi2Se3 slab. (a) The texture is hedgehog-like at the field value hz = 0.1 eV. (c) At hz = 0.3 eV, the texture is skyrmion-like.
(b) The texture at hz = 0.273 eV is close to the topological transition. (d) At hz = 0.4 eV, the texture has lost its skyrmion
structure. The values for the critical exchange fields are determined from the evaluation of the skyrmion counting number (see
text and Fig. 2(a)). Sz at the Γ¯ point changes discontinuously from a positive to a negative value upon crossing the critical
exchange field at which the transition from hedgehog to skyrmion takes place.
A single quintuple layer, in the presence of a perpendic-
ular exchange (or Zeeman) field, is effectively described
by the Hamiltonian [15]
HZ0 (k) = H0(k) +HZ
=

+ + hz 0 0 A0k−
0 − + hz A0k− 0
0 A0k+ + − hz 0
A0k+ 0 0 − − hz
 , (2)
with ± = 0(k) ±M(k), 0(k) = C0 + 2C1 + 2C2(2 −
cos kxa−cos kya), M(k) = M0 +2M1 +2M2(2−cos kxa−
cos kya), k± = sin kxa±i sin kya, a is the lattice constant
in a layer, hz is the strength of the exchange field, and
HZ describes the exchange coupling via the hz entries
on the matrix diagonal. H1 accounts for the coupling
between two neighboring layers and is expressed as
H1 =

−M1 − C1 iB0/2 0 0
iB0/2 M1 − C1 0 0
0 0 −M1 − C1 −iB0/2
0 0 −iB0/2 M1 − C1
 .
(3)
The parameters in H0 and H1 are taken from Ref. [34]:
A0 = 0.8 eV, B0 = 0.32 eV, C0 = −0.0083 eV, C1 =
0.024 eV, C2 = 1.77 eV, M0 = −0.28 eV, M1 = 0.216 eV,
M2 = 2.6 eV and a = 4.14 A˚.
The exchange field is subsequently chosen to act only
on the top surface layer of the slab with layer index
lz = 1. This choice naturally applies to a geometry, in
which a TI slab is attached to a ferromagnetic insulator.
The total Hamiltonian matrix for the slab, of dimension
4Nz × 4Nz, therefore, has the tridiagonal structure
H(k) =

HZ0 H1
H†1 H0 H1
H†1 H0 H1
. . .
H†1 H0 H1
H†1 H0

. (4)
The band dispersion Ek of the slab is obtained by solv-
ing the eigenvalue equation H(k)Ψk = EkΨk, where Ψk
and Ek are the eigenvectors and eigenvalues of H(k), re-
spectively. The “spin” expectation values, at the surface
layer with exchange coupling, are computed using
Sˆξ(k) =
~
2
∑
n
C†k
(
σξ 0
0 σξ
)
Ck, (5)
where Ck = [ck,α=1,lz , ck,α=3,lz , ck,α=2,lz , ck,α=4,lz ]
T with
lz = 1, n labels the eigenenergies corresponding to the
two surface bands, σξ (ξ = x, y, z) are the Pauli matrices,
3and ~ is the Planck’s constant. The results presented
below are obtained for a slab of 15 quintuple layers.
In the absence of the exchange field (i.e. with hz = 0),
two degenerate Dirac cones appear near the Γ¯ point in the
spectrum; the corresponding states are spatially confined
to the top or the bottom surface. With the adopted set
of parameters, the Dirac point is not precisely located at
the zero energy, but it can be easily tuned using a chemi-
cal potential. Once the TRS is broken by a finite hz, the
two-fold degeneracy is lifted in all the bands and the sur-
face state, which experiences the exchange field, acquires
a gap. In Fig. 1, we plot the momentum-space “spin”
texture S(k) and the z-component of the “spin” expec-
tation value Sz(k) projected into the surface layer (with
lz = 1), which is subject to the exchange field, in the
vicinity of the Dirac point in the 2D surface Brillouin
zone. S(k) is evaluated as the sum of the lz = 1 con-
tributions from the two surface-centered bands, top and
bottom (marked in red and green in Figs. 3(a) and 3(b)).
The resultant of the two bands is taken here, because
the surface bands hybridize away from the Brillouin zone
center (see below and the Supplemental Materials). The
“spin” texture in the selected surface layer changes qual-
itatively upon increasing the exchange field. The texture
in Fig. 1(a) for hz = 0.1 eV is “hedgehog”-like. A similar
pattern was detected in the spin-resolved ARPES experi-
ments on Mn doped Bi2Se3 [23]. For larger field strength,
the momentum-space “spin” structure transforms into a
skyrmion-like texture as shown in Fig. 1(c). Most notice-
able is the sign change of Sz in the near vicinity of the sur-
face Brillouin zone center, the Γ¯ point (|k| = 0). Increas-
ing hz further leads to yet another qualitative change of
the “spin” texture. At first sight, the texture in Fig. 1(d)
appears to have changed only quantitatively in compari-
son with Fig. 1(c). But as the analysis below will reveal,
the topological character of these textures is indeed qual-
itatively different.
In order to decisively identify the topological character
of the “spin” textures in Fig. 1, we calculate the skyrmion
number N = 14pi
∫
dk S˜ · ( ∂S˜∂kx × ∂S˜∂ky ) in the exchange-
split occupied surface band (the green band in Fig. 3(c))
at the top surface (lz = 1) of the slab, where the inte-
gral is extended to the hexagonal surface Brillouin zone.
S˜ is the normalized “spin” expectation value which en-
sures the quantization of the skyrmion number. N as
a function of the exchange field strength hz is shown in
Fig. 2(a). Indeed, N = 1/2 for exchange fields below
the critical value hzc1 = 0.273 eV, identifying more pre-
cisely that the hedgehog phase has the “spin” texture of
a half-skyrmion (or meron). At hzc1, the skyrmion num-
ber switches to −1, indicating the (anti)-skyrmion char-
acter of the texture for hzc1 < hz 6 hzc2 = 0.31 eV,
and N = 0 beyond hzc2. The discontinuous changes
of N decisively display the signals for topological phase
transitions. N takes a finite value (1/2 or −1) in the
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FIG. 2. (Color online) (a) The skyrmion number N as a
function of the exchange-field strength hz. The dashed ver-
tical lines at the critical fields hzc1 and hzc2 bound the field
range in which the skyrmion “spin” texture appears. Inset:
Hall conductance σxy = σxy(hz) − σxy(hz = 0) versus hz.
σxy = e
2/2h throughout the finite-field range. (b) The z-
component of the “spin” expectation value Sz (in units of
~/2) and (c) the polar angle Θ = cos−1 {Sz/|S|} versus the
distance Rk =
√
k2x + k2y from the Γ¯ point for different values
of hz. The symbols and colors used in (c) refer to the same
parameters as in (b). (d) The variation of the characteristic
radii RH (blue circles) and RS (red squares) of the hedgehog
and the skyrmion “spin” textures, respectively.
exchange-split surface band (green band in Fig. 3(a)–(c))
only and is zero in the unsplit surface band (red band in
Fig. 3(a)–(c)). Two types of skyrmion lattices commonly
appear in chiral magnets. They are either classified as
Ne´el-type or Bloch-type skyrmion (see e.g. [35–37]); both
have the same skyrmion number, but they differ in their
spin-winding pattern. A closer inspection of Fig. 1(a) re-
veals that the momentum-space texture emerging here is
a Bloch-type skyrmion.
The obvious question arises whether the topological
“spin” texture transitions are accompanied by a change
in the Chern number and the associated Hall conduc-
tance. To address this question, we calculate σxy for the
full slab via the Kubo formula [39]
σxy =e
2~
∑
m,n,k
Im[〈nk|Vˆx|mk〉〈mk|Vˆy|nk〉]
(Enk − Emk)2
× (nf (Enk)− nf (Emk)), (6)
where m and n are the band indices, Vˆx,y are the veloc-
ity operators and nf denotes the Fermi-Dirac distribu-
tion function. The energy gap in thin slabs of 3D TIs
is not truly closed at the Dirac point due to a finite size
effect even in the absence of a TRS breaking magnetic
4field [34, 40–44]. σxy takes a finite value even for hz = 0
due to the tiny energy gap at the Γ¯ point. Therefore,
to isolate the effect of the TRS breaking exchange field,
we evaluate and plot σxy(hz) − σxy(hz = 0) in the in-
set of Fig. 2(a). The dependence of σxy(hz = 0) on the
number of layers is discussed in the Supplemental Mate-
rials. As expected for our current set up, which is equiv-
alent to an interface between a 3D TI slab and a ferro-
magnetic insulator, σxy takes the quantized half-integer
value e2/2h [14]. Remarkably, σxy does not change at the
critical exchange fields, at which the topological “spin”
texture transitions take place. We thus encounter the un-
usual example for topological phase transitions without
an energy gap-closing at the Fermi level and without a
change in the Chern number. Examples for the former
aspect have been presented in Ref. [45].
The characteristic “spin” texture in the exchange-split
surface band in the surface layer with finite hz is particu-
larly evident within a circular region around the Γ¯ point.
Characteristic momentum-space radii RH and RS can be
determined at which the polar angle Θ = cos−1 {Sz/|S|}
of the “spins” has changed by 90◦ or 180◦ for the hedge-
hog and the skyrmion pattern, respectively, upon moving
radially outward from the Γ¯ point. Figure 2(b) shows the
variation of Sz in the occupied part of the exchange-split
surface band with respect to Rk =
√
k2x + k
2
y and thereby
identifies the special radius Rks ' 0.3/a inside which the
characteristic hedgehog and skyrmion textures form. At
Rks, |S(k)| sharply drops to nearly zero. S(k) in the un-
split surface band has a complementary pattern beyond
Rks (see Supplemental Materials, Fig. S1). As discussed
above (see also Fig. 2(b)), Sz(Γ¯) changes sign at the crit-
ical field hzc1.
As illustrated in Fig. 2(c), the polar angle Θ, calculated
in the occupied part of the exchange-split surface band,
continuously varies from Θ = 0◦ at Rk = 0 to Θ =
90◦ at Rk = RH for the hedgehog texture, and from
Θ = 180◦ at Rk = 0 to Θ = 0◦ at Rk = RS for the
skyrmion texture. The plateaus, appearing at Θ = 180◦
and Θ = 0◦ for the skyrmion-“spin” texture, establish
a distinctive difference to the typical spatial structure of
skyrmions in chiral magnets [37]. With increasing hz,
the characteristic radius RH for the hedgehog texture
increases slowly within the field range 0 < hz < hzc1,
while the radius RS for the skyrmion texture increases
rapidly within the field range hzc1 < hz 6 hzc2 as shown
in Fig. 2(d). RH and RS even exceed further out than the
special radius Rks. Beyond hzc2, Θ stops at a finite angle
and the “spins” no longer sweep to the opposite direction
indicating the loss of the texture’s skyrmion character.
To get more insight into the origin of the topologi-
cal phase transition, we analyze the changes in the elec-
tronic structure across the transition. In Figs. 3(a) and
3(b), the band dispersions of the slab are plotted in the
hedgehog phase (hz = 0.2 eV) and at the critical field
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FIG. 3. (Color online) (a) and (b): Band dispersions of the
Bi2Se3 slab near the Γ¯ point. The unsplit and exchange-split
surface bands are marked in red and green, respectively, for
field strengths (a) hz = 0.2 eV (hedgehog phase), and (b)
hz = hzc1 = 0.273 eV at the transition. The arrow indicates
the special radius Rks ' 0.3/a for the avoided level crossing of
the two-surface bands. (c) Expanded view of the spectrum in
(b) near Rk = Rks. (d) The energy gaps ∆EΓ¯ at the Γ¯ point
of the exchange-split surface band (green) and between the
occupied part of this band and the top occupied bulk band
(brown). The squared amplitude of the wave function ΨΓ¯ for
the green and orange bands in (a) and (b) as a function of
the layer index lz for (e) hz = 0.2 eV (hedgehog phase) and
(f) hz = 0.3 eV (skyrmion phase).
hzc1 = 0.273 eV, respectively, along the K¯ → Γ¯ → M¯
direction in the hexagonal surface Brillouin zone. Upon
increasing hz, the top occupied bulk band (orange) rises
up in energy and touches the exchange-split surface band
(green) at the Γ¯ point for hz = hzc1, as depicted in
Fig. 3(b). The former turns back towards the lower-
energy bulk bands upon further increasing hz.
The exchange-split and unsplit surface bands have an
avoided level crossing at Rks ' 0.3/a, as visible in
Fig. 3(c). This observation clarifies the role of the special
radius Rks within which the hedgehog and skyrmion tex-
tures form. The hybridization between the two (top and
bottom) surface bands of the slab is possible, because
their corresponding wave functions extend towards the
interior of the slab at momenta away from the Γ¯ point
and therefore allow for a finite overlap (see also the Sup-
plemental Materials).
Fig. 3(d) shows the variation of the energy gap at the Γ¯
5point of the exchange-split surface band and the gap be-
tween the occupied part of this band and the top occupied
bulk band. When the exchange field reaches hz = hzc1,
a bulk and a surface states become degenerate at the
Γ¯ point. Figures 3(e) and 3(f) show the squared am-
plitude of the wave functions at the ΨΓ¯, calculated for
the occupied exchange-split surface band and the top oc-
cupied bulk band, as a function of the layer index lz for
hz = 0.2 eV (hedgehog phase) and hz = 0.3 eV (skyrmion
phase). Evidently, these states interchange their spatial
character across the transition.
An experimental detection of the skyrmion texture will
be challenging using spin-resolved ARPES techniques.
The real obstacle, however, to induce the topological
transition is the required large exchange splitting. For
the Bi2Se3 specific parameter set which we have used
in our calculations, the required exchange field is more
than four times larger than the so far observed splitting
of ∼ 50 meV in Bi2Se3 samples which are homogeneously
doped with magnetic impurities [24]. At the TI/MI het-
erointerface of Bi2Se3/MnSe(111), the exchange splitting
is only 7 meV [46]. Yet, the extraordinarily large g-factor
of ∼50 observed for the Dirac electrons in the Bi2Se3 sur-
face states may render it possible to achieve unusually
large exchange splittings [25, 47]. We have verified that
the critical field can be reduced by applying an electric
field along z-direction (up to ∼15% by a bias voltage of
0.1 V between the two open surfaces). The phenomenon
of the topological transition is expected to be generic to
other strong TIs as well. Therefore, the selection of a TI
with a band gap, narrower than Bi2Se3, is another possi-
ble route to realize the anticipated topological transition
or the “spin”-skyrmion texture in momentum space it-
self.
The encountered topological phase transition provides
a new example where the energy gap at the Fermi level
does not close across the transition. Remarkably, while
the skyrmion counting number changes, the Hall con-
ductance remains constant. The hedgehog to skyrmion
phase transition in the momentum-space “spin” texture
is yet another striking phenomenon to occur in three di-
mensional topological insulators.
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1Supplemental Materials: Emergent
Momentum-Space Skyrmion Texture on
the Surface of Topological Insulators
S1. DERIVATION OF THE HAMILTONIAN FOR
A SLAB GEOMETRY
The Hamiltonian for a slab geometry of Bi2Se3 was de-
rived earlier in Ref. [1] (Ref. [32] in the main text) and
the derivation is briefly revisited below. Open boundary
conditions are imposed along the (111) direction (taken
to be along the z-axis) while periodic boundary condi-
tions are used for the perpendicular directions. We start
with the effective low-energy Hamiltonian matrix for bulk
Bi2Se3
Hbulk(k3) =

¯+(k3) B¯0kz 0 A¯0k¯−
B¯0kz ¯−(k3) A¯0k¯− 0
0 A¯0k¯+ ¯+(k3) −B¯0kz
A¯0k¯+ 0 −B¯0kz ¯−(k3)
 (S1)
which was worked out in Ref. [2] for the orbital basis
functions given in the main text. Here, k3 ≡ (kx, ky, kz),
¯±(k3) = ¯0(k3) ± M¯(k3), k¯± = kx ± iky, ¯0(k3) =
C¯0 + C¯1k
2
z + C¯2k
2
⊥, M¯(k3) = M¯0 + M¯1k
2
z + M¯2k
2
⊥. The
momenta along and perpendicular to the (111) direc-
tion are denoted by kz and k⊥ =
√
k2x + k
2
y, respec-
tively. The lattice generalization of the above Hamil-
tonian is obtained by substituting kiai ≈ sin kiai and
(kiai)
2 ≈ 2(1− cos kiai) leading to
Hlattice(k3) =
˜+(k3) B0 sin kzc 0 A0k−
B0 sin kzc ˜−(k3) A0k− 0
0 A0k+ ˜+(k3) −B0 sin kzc
A0k+ 0 −B0 sin kzc ˜−(k3)

(S2)
where ˜±(k3) = ˜0(k3)±M˜(k3), k± = sin kxa± i sin kya,
˜0(k3) = C0+2C1(1−cos kzc)+2C2(2−cos kxa−cos kya),
M˜(k3) = M0 + 2M1(1 − cos kzc) + 2M2(2 − cos kxa −
cos kya). The parameters are modified by powers of the
lattice constants a and c, i.e. A0 = A¯0/a, B0 = B¯0/c,
C0 = C¯0, C1 = C¯1/c
2, C2 = C¯2/a
2, M0 = M¯0, M1 =
M¯1/c
2, M2 = M¯2/a
2.
The finite thickness of the slab is accounted for by
performing the partial reverse Fourier transformation of
the fermionic operators ck3 = (1/Nz)
∑
lz
eikzlzckx,ky,lz .
The Hamiltonian for the slab then reads
Hslab =
∑
k3
c†k3Hlattice(k3)ck3
=
1
N2z
∑
k3
∑
lz,l′z
e−ikzlzc†kx,ky,lzHlattice(k3)e
ikzl
′
zckx,ky,l′z .
(S3)
With the exponential forms for the sine and cosine func-
tions and the identities
∑
kz
eikz(lz−l
′
z−1) = Nzδlz,l′z+1,∑
kz
eikz(lz−l
′
z+1) = Nzδlz,l′z−1, the Hamiltonian (S3) re-
duces to the Hamiltonian (1) in the main text.
S2. COMPLEMENTARY “SPIN” TEXTURES
The hedgehog and skyrmion textures appear mainly
in the occupied part of the exchange split surface states.
A more precise statement is hampered by the fact that
the two surface bands hybridize around the avoided level-
crossing momenta Rks =
√
k2x + k
2
y ' 0.3/a. Near the
Γ¯ point, the surface states are truly confined to either
the top or the bottom surface layer. Yet, upon moving
away from the Γ¯ point, the surface states spatially extend
continuously more towards the interior of the slab. The
concomitant increasing overlap of the surface states’ wave
functions in the central layer of the slab is the origin of
the hybridization of the exchange split and the unsplit
band which are truly surface bands only at and near the
Γ¯ point. For momenta beyond Rks, the spatial character
of the surface bands is interchanged (see Fig. 3(c) in the
main text).
The hybridization and the avoided level crossing at Rks
result in a complementarity of the associated “spin” tex-
tures. This is demonstrated in Fig. S1. This figure shows
the “spin” texture of both surface bands within the sur-
face layer in which the exchange field is applied. For the
exchange-split surface band (the green band in Fig. 3(a),
(b), (c) in the main text), the “spin” expectation val-
ues sharply drop to nearly zero when the magnitude of
the momentum exceeds the ring with radius Rks. The
origin of this drop is the significantly reduced amplitude
of the wave function in the selected surface layer due to
the interchange of the surface states and their associated
spatial character at the avoided level crossing momenta
with magnitude Rks.
The “spin” expectation values for the unsplit surface
band (the red band in Fig. 3(a), (b), (c) in the main
text) display the complementary behavior. Within the
selected surface layer, the “spin” expectation values drop
to nearly zero when the magnitude of the momenta is
smaller than the ring radius Rks – for the same reason
as outlined above, i.e. the interchange of the character
of the two surface bands at Rks.
S3. FINITE-SIZE EFFECT ON THE HALL
CONDUCTANCE
As studied previously in Ref. [3–7], the energy gap in
thin slabs of three dimensional topological insulator is
not truly closed at the Dirac point even in the absence
of time-reversal symmetry breaking magnetic field. This
2FIG. S1. “Spin” texture of the surface bands in the surface layer which is subject to the exchange field: hz = 0.1 eV (hedgehog
phase) in (a), (b) and (e), (f); hz = 0.3 eV (skyrmion phase) in (c), (d) and (g), (h). (b) and (d) show the textures in the
occupied highest-energy band (the red band in Fig. 3(a), (b), (c)). At and near the Γ¯ point, the eigenstates of this band
are spatially confined in the surface layer in which no field is applied. (a) and (c) show the corresponding textures in the
second-to-highest energy band (the green band in Fig. 3(a), (b), (c)). Figures (e), (f), (g), and (h) show selectively Sz only (in
units of ~/2).
gap decreases in an oscillatory manner with increasing
the layer number Nz. As discussed in Ref. [3–7], there
is a phase transition from a band insulator to a topo-
logically non-trivial insulating phase at Nz = 3, made
evident by an increase in the energy gap at the Γ¯ point
as shown in Fig. S2. More transitions follow with in-
creasing Nz involving parity changes of the bands closest
to the Fermi level [6]. The oscillations in the energy gap
with increasing Nz are shown in the inset of Fig. S2. A
non-zero energy gap prevails for all slab thicknesses even
though it shrinks to tiny values with increasing Nz. This
energy gap causes a finite contribution to σxy even in the
absence of any exchange field. As shown in Fig. S2, σxy
increases linearly with Nz beyond Nz = 4. The variation
of σxy with Nz is connected to the Berry curvature of the
surface-band states. The Berry curvature is largest near
the Γ¯ point and increases with decreasing energy gap.
The rise in the energy gap at Nz = 3 is also reflected as
a cusp in σxy. σxy is calculated for the full slab, and,
therefore, it is the conductance rather than the conduc-
tivity. This explains the linear rise of σxy with the slab
thickness for nz > 4.
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FIG. S2. The variation of the energy gap ∆EΓ¯ at the Γ¯ point
(vertical scale on the left) and the Hall conductance σxy in
the absence of an exchange field (vertical scale on the right)
with respect to the layer number Nz. The conductance σxy is
calculated for the full slab, and, therefore, approaches a linear
thickness dependence for Nz > 4. Inset: ∆EΓ¯ on the loga-
rithmic scale as a function of Nz. The dashed line indicates
a critical layer thickness (Nz = 3) at which a transition takes
place from a band insulator to a topological insulator.
